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1 Introduction and summary

It has recently been proposed that the superconformal field theory describing N coincident
M2-branes at the fixed point of the orbifold C*/Z;, (including k = 1, which is flat space)
is an N = 6 supersymmetric Chern-Simons-matter theory with a gauge group U(N); X
U(N)_g, and matter in the bi-fundamental representation [1]. At large N and k this
provides explicit realizations of AdS,/CFTs duality [2]. This class of AdS/CFT dualities
is somewhat different from the AdSs;/CFT} case, since the orbifold plays an essential role
in its formulation. The orbifold provides an integer parameter k, which corresponds in the
dual CFT to the level of the CS terms. On the other hand the three-dimensional CE'T
does not have any continuious parameter like the four-dimensional gyr.

The parameter k also gives AdS,/C FTs a somewhat richer structure than AdSs/CFTy.
First, there are actually two supergravity duals that have different regimes of validity, which
depend on the relative scaling of k and N. For k < N'/5 « N the supergravity dual can
be described as M theory on AdS; x S7/Zj, whereas for N 1/5 « k < N the appropriate
description is in terms of Type IIA string theory on AdS,; x CP3. In the latter one would
naively expect the dilaton to provide a continuous parameter in the field theory (as in
the four-dimensional case), however the dilaton is fixed by N and k in this background.
Second, the structure of the internal space is richer, and this allows, for example, the
possibility of turning on a discrete flux, which changes the relative ranks of the two gauge
group factors [3].



In this paper we will exhibit another interesting difference between the the three and
four-dimensional versions of AdS/CFT. The maximally supersymmetric AdSs x S° back-
ground in Type IIB string theory is believed to be exact, namely free of any higher order
corrections [4]. This was also argued to be true for the maximally supersymmetric AdSyx.S”
(and AdS7 x §*) background in M theory [5]. However we will show that for AdSy x S7 /7,
with k > 1 there is a higher order (in the curvature) correction to the background.! An
important consequence of this correction is that the radius of curvature in the Type ITA
description is shifted to

R —oln Ao L1t +£ (1.1)
str = <0 T 24 w2) T o2 '

where 0 < [ < k — 1 is the number of discrete torsion flux quanta. In particular, this
indicates that the shift becomes relevant at two loops O(1/v/)A) in the AdSy x CP? sigma
model. Thus it affects, for example, two loop corrections to the energy/anomalous dimen-

sion of giant magnons and spinning strings. Hence the radius shift is important for the
strong coupling test of the all loop Bethe ansatz proposed in [7] (see also [8-10] for a list
of papers on integrability in this model).

The source of this correction is the orbifold singularity in the original background
C*/7Zy. Tt is well known that orbifold singularities in M theory can be a source of M2-brane
charge via the gravitational coupling [ Cs A Ig, where Ig is a curvature 8-form [11-13]. We
will compute this charge for C*/Zy, and an additional correction due to discrete torsion.
This will generalize the result of [13], where the charge was computed for the Zg case. The
shift in the M2-brane charge leads in the large N limit to the shift in the radius of the
near-horizon geometry (1.1). We stress that this is a higher curvature correction in the
Type IIA picture, and not a higher loop correction, since it is not further suppressed by
1/N2. In both the M theory and the Type IIA pictures these corrections are subleading in
the supergravity approximation, and were not included in [1, 3].

In section 2 we will review the relevant features of the ABJM model and its supergravity
duals. In section 3 we will derive our main result (1.1) by computing the M2-brane charge
shift due to the orbifold singularity and to discrete torsion. We will also interpret these
corrections in the Type ITA description in section 4.

Note added. There may be a correction to the radius shift in (1.1) where I — [ — &,
due to a possible parity anomaly for M2-branes in this background. This question will be
explored elsewhere [14].

2 Essential features of the ABJM model

We will be concerned with the simplest case of the AdSy/CFTj; duality, namely the one
corresponding to N M2-branes placed at a C* /Zj, orbifold singularity. As shown in [1], the
three-dimensional worldvolume field theory on the M2-branes is an N’ = 6 supersymmetric
Chern-Simons theory, that has a gauge group U(N) x U(N), with CS levels (k, —k), as

!The possibility of corrections were mentioned in footnote 8 of [6].



well as matter superfields transforming in the (N, N) representation of the gauge group
and in the 4 of the SU(4)g R-symmetry group. This is an interacting superconformal field
theory with a coupling constant given by 1/k. At large N and k the theory has an "tHooft
(planar) limit with fixed A = N/k, and the field theory description is (perturbatively) valid
when A <« 1, i.e. for k> N.

For k < N there is a dual supergravity description given by the near horizon limit of
the M2-branes on C* /7. The background corresponding to N M2-branes on C*/Z;, has a
metric and 4-form field strength given by

dsiy = H(zp) ?*(=dt® + da + da3) + H(z1)"Pdsa

Gy = dt Ndxy ANdeg NdH ™Y (2.1)
where z; € C* (I =1,...,4), and H is the harmonic function on C*,
Q
H(Z) =1+ el (2.2)

with 72 = 2121 and Q = 3271'2(k:N)€I6;. In the near horizon limit this becomes AdSyx S7/Zy,

R2
dS%l = Id‘sidsﬁ + R2d8%7/zk
3
G4 = §R364, (2.3)

where R = (2°72kN)'/%¢,, and €4 is the unit volume form on AdSy. The metric on S7/Z,
is conveniently described in terms of the Hopf fibration over CP? as
dS%7/Zk = %(dcp + kw)? + dstps (2.4)

where dsép3 is the Fubini-Study metric on CP3, ¢ is a periodic coordinate with period 27,
and w is a one-form related to the Kahler form on CP? by dw = J. Since the radius of
the circle is given by R/k ~ (N/k°)'/6, the eleven-dimensional supergravity description is
only valid in the range k < N/5.

In the range N/ <« k <« N one should really use the ten-dimensional Type ITA
supergravity description, which is given by the dimensional reduction of (2.3) (setting
o =1) [15, 16]:

R? (1 R3
dS%O = ? <Zd8"24ds4 —|— ds(%PS) s 62‘1) — F’ F2 e kJ

F4 - §R364 . (25)

The radius of curvature in string units is R2 = R3/k = 2°/27(N/k)'/?, and the string cou-
pling is g, = ® = 2°/471/2(N/k%)1/4, so we see that the Type ITA supergravity description
is indeed valid for N'/° < k < N.

The simplest generalization of this story is to change the gauge group to U(M) x U(N)
with M # N [3, 17]. This was shown to correspond to turning on discrete torsion in the



orbifold C*/Z;, [3]. Since this takes values in H3(S"/Zy,Z) = Zj, it suggests that there are
only k distinct AN/ = 6 superconformal CS theories with minimal rank N. Indeed evidence
was presented in [3] that there are no superconformal theories with |[M — N| > k, and that
the theories with M — N < 0 are related to those with M — N < k by a three-dimensional
version of Seiberg duality (called parity duality). The distinct theories are therefore U(N +
Di x UNN)_p, with I =0,...,k — 1. At large N and k < N'/5 these theories are dual to
the M theory background (2.3), with an additional discrete holonomy for the C' field,

/ @ _ L (2.6)
53/ZkCS7/Zk 2T ki

In the Type ITA description, which is valid when N'/5 <« k < N, this becomes a B field

holonomy on CP! ¢ CP3,
By l

/ @k @7

As explained in [3], although the B field holonomy is not quantized topologically (unlike
the C' field holonomy in the M theory description), it is quantized dynamically.

3 Anomalous M2-brane charges

We will now show that the solution describing N M2-branes on C*/Z;, (2.1) receives a
correction due to the fact that the fixed plane itself carries a certain M2-brane charge. The

bosonic part of the M theory low energy effective action is given by

1 1
[/JMWLG<R—?Gﬁ>—E/CyWhAGH%%f@/@A&],
(3.1)
where 3 is related to the 5-brane tension by Tg = 1/(27)33 and Ig is an 8-form anomaly

1

S =—-
2
2K11

polynomial [18], which is given in terms of Pontryagin classes as [19]

1 1,5
Ig = —m <P2 - 1P1> > (3-2)
with

1
2(2m)?

! - [(TrR?)? — 2Ty R'] .

TrR? = —
rR* and po 8(27)

p1=—

For a compact manifold the 8-form Ig is related to the Euler class by

X
Iy = —2% (3.3)
A@ 24

For non-compact manifolds the Euler class has a boundary contribution, and Iy is related
only to the bulk part. We can see from the C5 equation of motion that there are three
possible types of contributions to the M2-brane charge,

1
d*G4:(mﬂ%vﬁcm-§G4Aca4-@wﬁg, (3.4)



where we have set 3 = 1/(27)2. The total charge is given by the integral over the 8-manifold

1 1 Xbulk
S N —— _ Xbulk .
Qurz = G2 /aMg *C 2@r) /Mg CanGa==y (3:5)

The three terms correspond respectively to the contributions of M2-brane sources, flux,
and the (bulk) geometry of the 8-manifold.?

3.1 The orbifold contribution

Let us begin with the contribution of the geometry, C*/Z;,. The total Euler number of this
space is given by [22]
x(CYZy) =k . (3.6)

This has a contribution from the bulk due to the fixed point, and a contribution from the
boundary S”/Zy. The contribution of the boundary is easily computed by realizing that Zj,
acts freely on S7, which is the boundary of C*, and by the fact that xp,q(C*) = x(C*) =
x(point) = 1. Therefore xpna(C*/Zi) = 1/k, and the contribution of the fixed point can
be easily extracted:

Xoulk(C*/Z) = x(C*/Zy,) — xvna(C*/Zy) = k — % : (3.7)

Alternatively, the contribution of the fixed point can be computed directly using string
theory by replacing C*/Z;, with T%/Z;,. Of course this is only possible for k = 2,3,4 and
6, since Zj; must be an automorphism of the lattice defining the T®. The Euler numbers
of T8 )Zy, were computed in [23]. In appendix A we extract from these the Euler numbers
of the fixed points for these four cases, and show that they agree with the general result
above.3

We conclude that the fixed point of the orbifold C*/Z;, carries an M2-brane charge:

1 1
4 P — _—
Qu2(C*/Zy) = —5 (k /<:> . (3.8)
This agrees with, and generalizes, the result of [13] for the “OM2~-plane” R?/Zs,
_ 1
Qm2(0OM27) = BTE (3.9)

2For a compact 8-manifold this has to vanish, and this leads to the anomaly cancellation condition (the
M-theory analog of tadpole cancellation) [20, 21],

1 X
N— GiANGs— 2 =0.
2(2m)2 /M8 LT T

3The same formula holds in four dimensions for the ALE space Aj_1, which has an orbifold limit C? /Zy.
For example the Eguchi-Hanson space (A1) has x(FH) = 2, which is made up of a boundary (S*/Z2)
contribution xbna(FH) = 1/2, and a bulk contribution xui(EH) = 3/2. Alternatively, one can compute
the bulk contribution by considering T*/Z,, which is an orbifold limit of K3. From x(K3) = 24, and
the fact that the compact orbifold has a total of 2* = 16 fixed points (and no boundary), we find that
Xip = 24/16 = 3/2, in agreement with the bulk contribution in the EH space.



In this special case there is an additional consistency check which comes from compactifying
one of the coordinates of the R®, and reducing to Type IIA string theory. There are two
OM?2~ -planes in this case, that become a single orientifold plane O2~ in Type IIA string
theory. The D2-brane charge of the orientifold plane can be computed independently using
string theory, and the result is —1/8, percisely twice the charge of the OM2™-plane. There
is no analogous simple Type ITA reduction for k > 2.

3.2 The discrete torsion contribution
The contribution of the discrete torsion to the M2-brane charge comes from the flux term:

; 1 Gy, G 1 Gy C
Qi];&r;mn:__/ _4/\_4:__/ —4/\—37 (310)
2 Jeayg, 2m 2w 2 Jsryz, 2m  2m

where the torsion class corresponds to the discrete holonomy of C5 given in (2.6). To
evaluate this quantity we will generalize the approach of [13], where it was computed for
the Zy case. We consider a smooth 8-manifold M whose boundary is S7/Zj, and express
the charge as

- 1 G4 Gy
torsion _ _ — 11
@irs 2 / o Vo (8:11)
The holonomy of C3 on the torsion 3-cycle S3/7Z; can likewise be expressed as
Gy
—_— == 3.12
(- (3.12)

where W is a 4-dimensional submanifold of M whose boundary is S3/Z. A class Gy in
M that satisfies (3.12) can be constructed from the Poincare dual of the base CP?3, which
is a 2-form X that satisfies

/ XAX=—k (3.13)

We can therefore identify G4/(27) = —(I/k?)X A X, and the discrete torsion contribution
to the M2-brane charge is given by

2
QY = — 2]{:4/ X/\X/\X/\X—é—k (3.14)
This generalizes the result of [13] for £ = 2. In that case there is only one choice of discrete
torsion [ = 1, corresponding to an OM2"-plane which carries an M2-brane charge of 3/16.
Upon compactifying one of the R® directions one then obtains one of the four variants
of orientifold 2-planes in Type IIA string theory, 027, 027, 52_, or 52+, depending on
which OM2-planes are placed at opposite points on the circle. Again, a similar consistency
check by reduction to ten dimensions cannot be made for k > 2.

3.2.1 An explicit construction of M and X

Let us now make this computation more explicit. We take the metric on M to be*

dr? 1
ds,%\/l — % +(1- =% (do + w)2 + ds<2cp3 , (3.15)
11— (27’)’“ (2T)

4We parametrize the CP® manifold as in appendix B.



where ¢ ~ ¢ 4+ 27 /k, and r > 1/2. This space is smooth at r = 1/2, and its boundary at
r — oo is S7/Zy. It is a fiber bundle over CP3, where the fiber is a disk D? endowed with
the metric

d 2
dst, = — <1 _
1= Gy

The 2-form X that we want has the general form

(2i)k> do? . (3.16)
X = f(r)dr A (de +w) +g(r)J, (3.17)

where f(00) = g(o0) = 0. Since we want to identify G4 with X A X we require this 4-form
to be closed, which implies that®

= ) 3.18
flr) =47 (315)
Being the Poincare dual of the CP? base implies that the integral of X on the disk is unity
27 o
X = —g(r) =1, (3.19)
D2 k r=1/2

and therefore that
Ly_ _* (3.20)
I\2) ™ "o '

The 4-dimensional submanifold W is taken to be

dr? 1 1 1

dsiy, = % + — (1= == ) (dip1 + cos brdp1)” + — (d6F + sin® f1dgT) . (3.21)
1- & 4 (2r) 4

The boundary of W is indeed the torsion 3-cycle S3/Z;, in S7/Z;, at r — oo, as defined in

appendix B. The integral of the 4-form X A X over W then gives

2
/XAX:@
w k

(e o]

= —k, (3.22)
1/2

as stated in (3.13). We have defined the orientation of CP! with the metric d8<2cp1 =
do? + sin? 01d¢? by f(c p1J > 0. The integral of the 8-form X 4 over M is then straightfor-

ward to evaluate:
4mg)

16k

/ XAXAXAX = = —k3, (3.23)
M

1/2
where we have defined the orientation of CP3 by f(cpg JNJITNJT>0.

This concludes the computation of the discrete torsion contribution to the M2-brane
charge (3.14). To summarize, the total M2-brane charge shift due to the orbifold and
discrete torsion is therefore

AQ _ Lt +ﬁ (3.24)
M2 = "9y T '

which leads to our main result (1.1), using the reduction from the M theory description to
the Type ITA description outlined in section 2.

®The 4-form is then locally exact X A X = d (g2 (de+w)ANJ+ dx), where x is an a-priori arbitrary
2-form. Comparing the boundary value with the torsion 3-form in [3] shows that x o< dp A w.



4 Type ITA interpretation

In the previous section we computed the M2-brane charge shift from the M theory orbifold
geometry and discrete torsion. In this section we would like to try to interpret this result
from the point of view of Type IIA string theory. As we mentioned above, in the Zy case
there is a very simple Type IIA interpretation of the charges in terms of orientifold 2-planes.
However there is no analogously simple interpretation in the more general Z; case.

It is instructive to first consider a simpler example. Suppose that the M2-branes are
placed in the direct product of a Taub-NUT space and a 4-manifold, Mg = TN x M.
Reducing on the asymptotic S' in the TN space gives an anti-D6-brane wrapping My in
the Type IIA D2-brane background.® The integral of the 8-form Ig for a product space
simplifies to

1 1
Iy = ——— p1(TN)/ p1(My) = —— p1(My), (4.1)
/Mg 4-24 Jpy M, 48 Jr,

where we have used that the first Pontryagin number of the TN space is —2. This implies
that the curvature CS coupling Cs A Ig localizes on the D6-brane worldvolume and reduces
to a higher order gravitational CS coupling —|—%Cg A p1(My) [24]. Meanwhile, in the TN
background the G-flux CS coupling C3AG4A Gy also localizes on the D6-brane worldvolume
and becomes the familiar CS coupling C5 A F A F, where F = 2w’ F + By [25]. Hence in
the presence of D6-branes the bulk CS couplings C5 A G4 A G4 and Cs A Ig localize on the
D6-brane worldvolume and reduce to (setting o/ = 1)7

1 1 (2m)*

1
Z i T . 4.2
Los = (27‘1’)6 C3 N 2.? N F 18 82 rRAR : (4.2)

Therefore both the worldvolume gauge field and the curvature of the 4-manifold M, can
induce D2-brane charge within the D6-brane. In M theory this corresponds to a shift in
the M2-brane charge.

In our case the 8-dimensional geometry does not have a simple product structure. Be-
fore going to the (gauge theory) IR limit it corresponds to an intersection of two different
TN spaces (KK monopoles), or equivalently to a particular toric hyper-kahler space Xg [1,
31]. In the IR limit this reduces to C*/Zj,. The reduction to Type IIA string theory gives an
intersection of a KK monopole with a bound state of a KK monopole and k D6-branes. This
suggests that one may be able to account for the M2-brane charge shift (3.24) from the D6-
brane CS couplings (4.2). However the Type ITA background is really some 7-manifold with
k units of RR 2-form flux, and does not have any actual D6-branes. It therefore seems diffi-
cult to compute the charge shift using the Type IIA reduction of the M theory background.

4.1 D-brane domain wall probes

Although it is difficult to compute the M2-brane charge shift (3.24) directly in the Type
ITA background, we can detect it using probe D-branes. Let us consider the near-horizon

5See appendix C for our sign conventions.
"The second term is a part of higher order curvature corrections expressed in terms of the A-genus [26-28].



Type IIA background AdS; x CP3 (2.5). A Dp-brane that wraps a cycle in CP3, and
extends along all but the radial direction of AdSy, forms a domain wall in AdS, across
which some of the fluxes jump. In particular a D4-brane which wraps CP! creates a jump
in 13’4 = Fy+ By A Fy (by changing By) and therefore in [, and a D6-brane which wraps
CP? creates a jump in Fy and therefore in k.3 In either case there is also a jump in *F}y
due to an induced D2-brane charge, which should agree with the jump in the M2-brane
charge shift from (3.24). We do not expect to reproduce the M theory result precisely in
this way, since the Type IIA description is valid only for large k. But we do expect to get
the leading order term in 1/k correct.

Let us start with the D4-brane. A D4-brane wrapped on CP' ¢ CP3, and localized
at a fixed radial position rg, forms a domain wall in AdS, across which the flux of Fy on
CP? C CP?3 increases by one unit, i.e. | — [+ 1. The resulting jump in the M2-brane
charge shift computed from (3.24) is given by

(+12 2 1 1
_S b2 4.
ok 2k k2% (43)

Note that since [ can be as large as k — 1, this can include a leading order effect in 1/k.
The D2-brane charge induced on the D4-brane is given by the By field,

(pay _ 1 5, -t 4.4
D2 (271.)2/([:]31 2 L’ ()

which agrees with (4.3) to leading order in 1/k.°
For a D6-brane domain wall the flux of F5 decreases by one unit, so k — k — 1. The

OAQn2 =

jump in the M2-brane charge shift is then
0 AQ N2 = ! 1+ ! + ’ (4.5)
RERMZ T 04 k(k—1)) " 2k(k—1)" '

where the first term comes from the contribution of the orbifold geometry, and the second

term comes from discrete torsion contribution. Let us compare this with the D2-brane
charge induced on the D6-brane. There are two contributions. The first is from the B, field,
2
(6.B) _ 1 B _ ¢
= AN By =— 4.6
D2 2(2m)d /CPQ 2UTET gk (4.6)
which agrees to leading order in 1/k with the discrete torsion contribution in (4.5). The
second contribution is from the curvature coupling (see appendix C),
pe,Rr) 1
W =5 [ (T (EP) - pvier?) (17)
48 Jep2
where the two terms are the first Pontrjagin classes of the tangent and normal bundles,

respectively, of CP? ¢ CP3. This can be computed as follows. The total Pontrjagin class
of the tangent bundle of CP" is given by [30]

p(T(CP™)) = (1 +z?)"*, (4.8)

8 A D8-brane wrapping the whole CP? would create a jump in Fy. This is not part of our background,
and is beyond the scope of our paper.

9We used the value of the B field at r < ro. The agreement is actually precise if we use instead the
average value of the B field from the two sides. But this is irrelevant to leading order in 1/k.



where  is the generator of H?(CP™;Z), which we can identify with the Kahler form .J, if
we assume the normalization fC p1J = 1. In particular this gives

pU(T(CP™Y)) = (n+1)J AJ. (4.9)

Now consider the submanifold CP! ¢ CP™ (I < n). Its tangent and normal bundles satisfy
the Whitney sum relation, T(CP') & N(CP') = T(CP™), and therefore their Pontrjagin
classes satisfy p(T(CP')) A p(N(CP")) = p(T(CP™)). In particular this implies

p1(T(CPY) + py(N(CPY)) = pi(T(CP™)), (4.10)

and therefore that
pi(N(CPY)=(n—1)JAJ. (4.11)

For our case this implies that

wer) _ La gy L 4.12

which agrees with the geometry contribution in (4.5) to leading order in 1/k.
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A Alternative computation of the bulk Euler number

The bulk contribution to the Euler number of C*/Z;, comes from the fixed point. This
can be computed in an alternative way using string theory by compactifying on T%/Z,.
Of course this is possible only for k = 2,3,4 and 6, since Z; must be an automorphism
of the lattice defining the torus 7. The Euler numbers of T%/Z;, were computed in this
way in [23], and are shown in table 1. We can then extract the Euler numbers of the
corresponding fixed points by dividing by the number of fixed points, taking care to take
into account the fact that there are two and three types of fixed points respectively in the
Z4 and Zg cases.

For k = 2 the compact orbifold has 28 fixed points, therefore each one contributes an
Fuler number

384 3 1
4
lo)=—(===2——. Al
For k = 3 there are 3 fixed points, and therefore
216 8 1
CYZ3) =" =-=3—3. A2

,10,



orbifold | x
T8)7, | 384
T8/Z3 | 216
T8)Z4 | 240
T8/Z¢ | 240

Table 1. The Euler numbers of 7% /7, [23].

The compact Z4 orbifold has a total of 4* fixed points. Of those 2* are fixed under
Zy, and 4* — 2% are fixed under Zy C Z4, and related pairwise to each other under the
generator of Z4. The latter therefore correspond to (4* — 2%)/2 Zs fixed points. Thus

1
X(T®)Z4) = 240 = 2% - 1 (CY/Zy) + 5(44 —2Y i (C/Zy) (A.3)
and using (A.1) we find
15 1
Xblk(c4/Z4) = Z =4 — Z . (A4)

The orbifold T®/Zg has three kinds of fixed points. There is one point (the origin)
fixed under the full Zg, 3* — 1 = 80 points fixed under the Zz subgroup (80/2 doublets),
and 2% — 1 = 255 points fixed under the Zy subgroup (255/3 triplets). Therefore

X(T®)Zg) = 240 = xupi(C*/Zs) + % - xbik(C*/Zs) + ? xbik(C*/Zs) (A.5)
and using (A.1) and (A.2) we find
Yoi(C/Zg) = 6 — % : (A.6)
B The parametrization of S7 and CP3
We define a 7-sphere S7 by
X1 = cos€cos %eiw ,
X9 = cosésin %ei% ,
X3 = sin€ cos %ei@ ,
X, = sin€sin 62—26”25” , (B.1)

where 0 < & < 7m/2,0 <) <4m, 0< ¢; <2m, and 0 < 0; <, and | X1 |2+ | Xo|? + | X3]? +
|X4|? = 1. In terms of these coordinates, the S” metric takes the form

cos? ¢
4

sin? ¢
4

dsi, = d¢* + {(dyy + cos 01dp1)* + dO7 + sin® 61dg7 }

+

{(dips + cos 2dp) + df3 + sin® Oodd3 } (B.2)

— 11 —



We can further rewrite it as a U(1) bundle over CP3
dsgr = dstpa + (dp +w)?,

by introducing new coordinates

1 =20+, o =20 =1 .
The one-form takes the form
1 1 1
W= 5(0052 & —sin? €)dy + 3 cos? € cos O1depy + 5 sin? € cos Oades

and the CP? metric is parametrized by

9 560 2
ds2ps = d€® + cos® Esin® ¢ <d¢ + CO; Ldg, — COZ 2d¢2>

1 1
+Z cos? & (d@% + sin? 91d¢%) + 1 sin? ¢ (d@% + sin? agdgb%) .

In this parametrization the Zj orbifold is defined by the identifications
Vi ~ b +4n/k (X ~ ™R X,),
which yields in terms of the new coordinates
o~ p+2r/k, Y~ 421
The torsion 3-cycle, S3/Z;, C S7/7Zj, is defined by the & = 0 surface

X1+ X2 =1, X3=X,=0.

C Conventions for RR fields and D-brane couplings

(B.3)

(B.4)

(B.7)

(B.8)

(B.9)

The gauge invariant field strengths in (massless) Type ITA supergravity are given by:

Hs = dBs

Fy, = dC,

Fy = dCs — Cy A Hy

Fy = — % Fy =dCs — C3 A\ Hs
Fy = «Fy = dC7 — Cs A\ Hj

(C.1)

Note that % = —1 for even forms in Minkowski spacetime, so *Fg = Iy and «Fy = —F).

The Bianchi identities/equations of motion for the RR fields with sources are given by:

dFy = —* j7

dFy = xjs — Fy \ Hy
dx Fy = —dEg = *j3 + Fy A Hs
d* Fy = dFy = xj; + *Fy A Hs,

- 12 —



where we have used H3 A H3 = 0. The sources for the RR fields come from the D-brane
CS terms, which can be formally expressed as [27-29] (¢/ = 1):

1
cs _
SDp - (27T)p /M

where it is understood that we keep all terms of total form degree p+1 on the r.h.s. . A de-
notes the “A-roof” (or Dirac) genus, which can be expressed in terms of Pontrjagin classes:

, (C.3)

2
(472 Rr) .

ZC A e2TF+B2 5 A(4772RN)
q ! A

i 1 1 )
A=1=oopi+ e (TP = dp2) £+, (C.4)
where
1
- _ TrR? )
p1 2027)? rR (C.5)
_ 232 4
P = o [(TrR%)? — 2TrRY| , (C.6)

and Ry, Ry denote the curvatures of the tangent and normal bundles to the D-brane world-
volume, respectively. Note that our convention differs from that of [27-29] by a relative sign
between the worldvolume gauge field contribution and the curvature contribution. This
is because in their convention the second Chern character (chg) for an ASD connection is
negative, whereas in our convention it is positive.

The contribution of a Dp-brane to the source current associated with a Dg-brane charge
is therefore given in general by:

, (c.7)

(Dp) 759_1) A |2 F+B2 A w
.A(47T2RT)

pP—q

where dg_,, is a d-function localized at the spatial position of the Dp-brane. In particular

for ¢ = 2,
(D) 05
*jg = an)? A (2nF + Bs) (C.8)
(D6) 03 1 o, (2m)* _
KI5 = eyt A | @rF + By)® + 18 (p1(TM) — p1(NM))| . (C.9)
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